Abstract. We study the persistence of Poincaré -Treshchev tori on a resonant surface of a nearly integrable Hamiltonian system in which the unperturbed Hamiltonian needs not satisfy the Kolmogorov non-degenerate condition. The persistence of the majority of invariant tori associated to g-nondegenerate relative equilibria on the resonant surface will be shown under a Rüssmann like condition.
Introduction
Consider a nearly integrable Hamiltonian system the celebrated KAM theorem [1, 8, 12] asserts the persistence of the majority of unperturbed, non-resonant d-tori in the sense that there is a family of Cantor-like sets G ε of almost full Lebesgue measure (i.e., |G\G ε | → 0) such that for any y ∈ G ε , T y is non-resonant and persistent under small perturbations. The KAM theorem is recently shown to be true even under the Rüssmann non-degenerate condition:
(see [16, 17, 20] for details). On the other hand, it is well known that the unperturbed, resonant d-tori tend to be destroyed via arbitrary generic perturbations and give rise to a resonance zone containing both stochastic trajectories and regular orbits. To characterize regular orbits in the resonance zone, two important problems arise: 1) Whether the majority of resonant tori associated to a given resonant type will be 'completely' destroyed via generic perturbations; 2) If not, then under what mechanisms can certain fractions of the resonant tori survive under generic perturbations.
To formulate the problems more precisely, we let g be a rank m (0 < m < d) subgroup of Z d . Then the set O(g, G) = {y ∈ G : k, ω(y) = 0, k ∈ g}, referred to as the g-resonant surface with multiplicity m, characterizes a unique class of resonant tori {T y : y ∈ O(g, G)} associated to the resonance type determined by g. It is clear that if the Kolmogorov non-degenerate condition K) holds, then O(g, G) is a n = d − m dimensional, real analytic sub-manifold of G (with boundary). The group g also determines a splitting of the resonant tori in the class as follows. Let {τ 1 , τ 2 , · · · , τ m } and {τ 1 , τ 2 , · · · , τ n } be bases of g and the quotient group Z d /g, respectively, such that
is unimodular, i.e., detK 0 = 1, where
Then the toral automorphism K 0 defines a new coordinate
and moreover, for each y ∈ O(g, G), the resonant torus T y is foliated into invariant n-tori T y (ϕ) = T n × {ϕ} × {y}, ϕ ∈ T m corresponding to relative equilibria (ϕ, y) of the reduced system, each carries parallel flow with the toral frequency K 1 ω(y). With respect to the given resonance type determined by the group g, the above problems become finding mechanisms under which the majority of the resonant tori on O(g, G) will not be completely destroyed via generic perturbations in the sense that certain classes of n dimensional sub-tori {T y (ϕ)} of T y for the majority of y ∈ O(g, G) will persist under generic perturbations.
One such mechanism was proposed in a classical work of Poincaré ( [13] ) as follows. Define
Then for a fixed y ∈ O(g, G), h(·, y) is a real analytic function on the m-torus, hence admits at least m+1 critical points and generically at least 2 m critical points which are all non-degenerate. An n-torus {T y (ϕ)} is said to be Poincaré non-degenerate if ϕ is a non-degenerate critical point of h(·, y). For a given resonant surface O(g, G) as above, we note that the Poincaré non-degeneracy is independent of coordinate (ψ, ϕ) on T n and it is also a generic condition in the sense that for a fixed r > 0 there is a residual subset P of the set of real analytic functions on the complex r-neighborhood of T d × G with the sup-norm such that for each perturbation p ∈ P h(·, y) : T m → R 1 is a Morse function (i.e., all its critical points are non-degenerate). In [13] , Poincaré considered the maximal resonance case, i.e., m = d − 1. With respect to the terminology above, Poincaré's theorem simply says that if rank g = d − 1 then all unperturbed Poincaré non-degenerate 1-tori of (1.1) on O(g, G) will persist if ε is sufficiently small.
A breakthrough along the direction of Poincaré's theorem was made by Treshchev in [19] who considered the general multiplicity m = d − n of a resonant surface O(g, G) and showed the persistence of all Diophantine, Poincaré non-degenerate, hyperbolic n-tori on O(g, G). More precisely, Treshchev's theorem states the following: Assume that the unperturbed Hamiltonian of (1.1) satisfies the Kolmogorov non-degenerate condition K). If a Poincaré non-degenerate n-torus {T y0 (ϕ 0 )} on O(g, G) is Diophantine (i.e., its toral frequency K 1 ω(y 0 ) is Diophantine), and hyperbolic in the sense that
2 N ∂y 2 (y 0 )K 2 is positive or zero, then it persists under sufficiently small ε with unchanged toral frequency. We note that the condition T) implies the so-called g-non-resonant condition that The case of general multiplicity and general toral types were recently studied by Cong et al ( [6] ) and the authors ( [10] ). The result in [6] implies that if both the Kolmogorov non-degenerate condition K) and the g-non-resonant condition G) hold on O(g, G), then there exists a family of Cantor-like sets
all Poincaré non-degenerate n-tori T y (ϕ) will persist as ε sufficiently small. The same result was shown in [10] by the authors under the Kolmogorov non-degenerate condition K) only.
In this paper, we shall still consider the case of general multiplicity of the resonant surface with respect to general toral types, however, allowing more degenerate unperturbed Hamiltonian. More precisely, we first assume the g-non-resonant condition on O(g, G), i.e.,
is an n dimensional, real analytic submanifold of G. Instead of the Kolmogorov non-degenerate condition K), we then assume the following Rüssmann condition on O(g, G):
It is clear that the Rüssmann condition R1) on O(g, G) holds if N itself satisfies the Rüssmann condition R) on G.
Our main result states as follows.
Theorem. Consider (1.1) and let O(g, G) be a fixed n (< d) dimensional resonant surface. If both the g-non-degenerate condition G1) and the Rüssmann condition R1) hold on O(g, G), then there is a family of Cantor-like sets
| → 0 as ε → 0 such that for any ε sufficiently small and any y ∈ O ε (g, G), all Poincaré non-degenerate n-tori T y (ϕ) will persist. Moreover, for each fixed ε small, the perturbed n-tori form a finite number of Whitney smooth families on O(g, G).
Combining the above result with that in [10] , one concludes that the majority of Poincaré non-degenerate tori on a resonant surface will persist either under the Kolmogorov non-degeneracy K) on G or under the g-non-degeneracy G1) together with the Rüssmann non-degeneracy R1) on O(g, G). After perturbations, the frequencies of Poincaré non-degenerate tori in the former are kept unchanged due to the Kolmogorov non-degeneracy, which is not necessarily true in the later due to the Rüssmann non-degeneracy.
The above theorem will be proved based on the normal form reduction procedure introduced in [19] and a linear KAM iterative scheme contained in [11] .
Through the paper, we shall use the same symbol | · | to denote the sup-norm of vectors and its induced matrix norm, the standard l 1 norm of a lattice Z p , absolute value of functions, and measure of sets etc.. Also, [ · ] will denote both the average of a function on T n and the integral part of a real number. For any (vector, matrix valued) function f defined on a domain D, |f | D stands for sup D |f |, and, for any two complex column vectors ξ, ζ of the same dimension, ξ, ζ means the transpose of ξ times ζ.
The remaining sections are devoted to the proof of the Theorem. In Section 2, we reduce (1.1) to a normal form on a resonant surface by using the Treshchev reduction technique ( [19] ). In Section 3, we describe the linear iterative scheme for one KAM step with respect to (1.1) and give necessary estimates for the symplectic transformation and the new Hamiltonian. In Section 4, we state an iteration lemma which checks the validity of all KAM steps and complete the proof.
Normal Form
In the sequel, we let g, G, h, m, n, O(g, G), K 0 , K 1 , K 2 be as in the introduction. If there is no Poincaré non-degenerate n-torus for any y ∈ O(g, G), then there is nothing to be proved in the Theorem. Otherwise, it follows from the compactness, connectness of O(g, G), and the implicit function theorem that the Poincaré nondegenerate n-tori form a finite number of real analytic families {T y (ϕ j (y)) : y ∈ O(g, G)}, where for each j, ϕ j : O(g, G) → T m is a real analytic function and ϕ j (y) is a non-degenerate critical point of h(·, y) for any y ∈ O(g, G).
We first consider the persistence problem for a fixed family of Poincaré nondegenerate n-tori {T y (ϕ(y)) : y ∈ O(g, G)}, where ϕ = ϕ j for some j.
For any y 0 ∈ O(g, G), the Hamiltonian (1.1), up to a constant, admits the following Taylor expansion
Consider the symplectic transformation
, where x 0 is such that K 2 x 0 = ϕ(y 0 ). Then the above Hamiltonian becomes
where ω * (y 0 ) = K 1 ω(y 0 ), p and p are the fist n and the last m components of p respectively, andP (q, p) = P (x 0 + (K 0 ) −1 q, y 0 + K 0 p, 0). We also let q and q be the first n and the last m components of q respectively.
We fix l 0 > n, τ > max{n(n − 1) − 1, 0} and let γ = ε 
where S is a generating function defined by
the transformed Hamiltonian, up to a constant, becomes
where
Using the Whitney extension theorem, the above transformation can be extended to depend C l0 smoothly on y 0 ∈ O(g, G).
Consider the rescaling Y = √ εȲ . Then the rescaled Hamiltonian reads
By passing to a new symplectic transformation
22 X , we obtain the Hamiltonian
whereŶ ,Ŷ ,X ,X are defined similarly as Y , Y , X , X , respectively, and,
Now, treating y 0 as the parameter λ ∈Ô and replacing ω * (y 0 ), y 0 ,X ,Ŷ , (Ŷ ,X ) by Ω(λ), λ, x, y, z, respectively, we arrive at the Hamiltonian normal form
Q, P are real analytic in (y, z) ∈ D(s) = {(y, z) : |y| < s, |z| < s}, (x, y, z) ∈ D(r, s) = {(x, y, z) : |Imx| < r, |y| < s, |z| < s}, respectively, for some r, s > 0, Whitney smooth in λ ∈ O(g, G), and e, ω, M are Whitney smooth in λ ∈ O(g, G). By the g-non-degenerate condition, M 22 is clearly non-singular on O(g, G). Due to the Whitney smoothness, we assume without loss of generality that e, M, Q, P are C l0 in λ ∈ O(g, G).
KAM Step
We consider KAM iteration to the normal form (2.3) in which all terms are assumed to be C l0 in λ ∈ O(g, G). To begin with the induction, we initially set
, and s 0 = γ 0 a ε 1 38
for a fixed σ 0 ∈ (0, 1 3 ). Then it is easy to see that
Suppose that after a νth KAM step, we arrive at a real analytic, parameterdependent Hamiltonian
is real symmetric and C l0 smooth on O whose right lower 2m
, Q and P = P ν (x, y, z, λ) are real analytic in (y, z) ∈ D = D(s) = {(y, z) : |y| < s, |z| < s} and in (x, y, z) ∈ D respectively and C l0 smooth in λ ∈ O, and moreover,
for some µ = µ ν > 0. We now construct a symplectic transformation Φ + = Φ ν+1 , which, in smaller frequency and phase domains, transforms the Hamiltonian (3.1) into a similar form but with a smaller perturbation term satisfying an inequality similar to (3.2). Thereafter, quantities (domains, normal form, perturbation, etc.) in the next KAM cycle will be simply indexed by + (=ν + 1). All constants c i , i = 1, 2, · · · , 5, below are positive and independent of the iteration process. For simplicity, we also use c to denote any intermediate positive constant which is independent of the iteration process.
Let b, σ, δ be positive constants such that
and define
where η > 0 and χ = 2(l 0 + 1)(4m 2 + 1)τ .
3.1.
Truncation and linear equations. Let R be the truncation of the TaylorFourier series of P up to quadratic order, i.e.,
(P k00 + P k10 , y + P k01 , z + y, P k20 y
then it follows from a standard argument (e.g., [10] ) that there is a constant c 1 such that
We first seek for an averaging transformation as the time-1 map φ 1 F of the Hamiltonian flow φ t F associated to a Hamiltonian of the form
in which F kij , 0 ≤ i+j ≤ 2, 0 < |k| ≤ K + , will be solved from the linear homological equations
are n × n, n × 2m, 2m × n, 2m × 2m blocks of M respectively, and, ⊗ denotes the standard tensor product of matrices. Consider the set
Then, on O + , equations (3.5)-(3.10) can be solved uniquely to obtain solutions F kij , depending C l0 smoothly on λ ∈ O + and satisfyingF kij = F −kij , for all 0 < |k| ≤ K + , 0 ≤ i + j ≤ 2, which uniquely determine the Hamiltonian F in (3.4) . Moreover, it is easy to see that there is a constant c > 0 such that
for all q = 0, 1, 2, from which it follows that there is a constant c 2 > 0 such that
We note thatQ consists of all terms in {N, F } of size O(s 3 µ) and of order O(y ı z  ) for |ı| + || ≥ 3.
It follows that
holds, then by the implicit function theorem, there is a
and moreover, there is a positive constant, again denoted by c 2 , such that
This defines a translation
It is clear that there is a constant c 3 > 0 such that
By [11] , Lemma 3.6, we have that if
then for all 0
3.2.
Estimates on the transformation and new perturbation. Lemma 3.1. If
then the following holds.
are well defined, real analytic and depend C l0 smoothly on λ ∈ O + .
2) Φ
3) There is a constant c 4 such that for all 0 ≤ t ≤ 1, |l| ≤ l 0 ,
Proof. The proof easily follows from (3.11)-(3.12) and the Whitney extension theorem.
Then there is a constant
Proof. The proof follows from (3.2), (3.3), (3.11)-(3.15), and Lemma 3.1. See [10, 11] for details. 
Iteration Lemma
Lemma 4.1. (Iteration Lemma) For sufficiently small µ 0 = µ 0 (r 0 , β 0 , l 0 ), the KAM steps described in Section 3 are valid for all ν = 0, 1, · · · , and the following holds for all ν = 1, 2, · · · .
3 ) and P ν = P ν (x, y, z, λ) are real analytic in (y, z) ∈ D ν and in (x, y, z) ∈D ν respectively and C l0 ν = 0, 1, · · · , and,
Using the Whitney extension theorem, the frequencies Ω ν can be extended C n smoothly on O 0 = O(g, G) and the extended frequencies also satisfy the corresponding estimates in Lemma 4.1 1). It follows that Ω ν satisfies the Rüssmann condition R) on O 0 as ε sufficiently small, and therefore from the measure estimate in [20] (see also [5, 9] 
2 ) × O * , say, to Ψ ∞ , which is uniformly close to the identity, real analytic in (x, y, z) and C n Whitney smooth in λ. Also, on D( 3 ) which is C l0 in (y, z) and C l0 Whitney smooth in λ. It follows that, on D( which is real analytic in (y, z) and C l0 Whitney smooth in λ. Hence
2 ) × O * and converge uniformly to the function
which is real analytic in (x, y, z) and C n Whitney smooth in λ. For any ν ∈ Z + , λ ∈ Λ, j ∈ Z n + , k ∈ Z 2m + with |j| + |k| ≤ 2, by applying the last inequality in Lemma 4.1 1) and Cauchy's estimate on D(r ν , + with |j|+|k| ≤ 2. Thus, for each λ ∈ O * , the system (2.3) admits an analytic, quasi-periodic, invariant torus with the Diophantine toral frequency Ω ∞ (λ), which is slightly deformed from the unperturbed torus corresponding to Ω 0 (λ). Moreover, these perturbed tori form a C l0 Whitney smooth family. Tracing back to the normal form, we then obtain a Whitney smooth family of invariant, analytic, quasi-periodic n-tori {T y,ε (ϕ j (y)) : y ∈ O * } corresponding to the family of Poincaré non-degenerate, unperturbed n-tori {T y (ϕ j (y)) : y ∈ O * } on O(g, G).
Denote O j * = O * . Since by the compactness and connectness of O(g, G) there is only a finite number of such real analytic families of Poincaré non-degenerate, unperturbed n-tori {T y (ϕ j (y)) : y ∈ O(g, G)} over O(g, G), the proof of the theorem is now complete by taking O ε (g, G) as the intersection of all the O j * 's.
